


0 4 — 9
L] [
— 5 6
1 — 12 — —5—11{
L — 8 | 7
0O — 8
6 |
9 — 10 — 1
| 7 |
— 2 L 2 — 12
3 — 4 —
— 11 |-_|10—3

Figure 1. The function digraphs f6randx’ + 1 modulo 13.

In particular, basic results for general function digraphs are given in Section 2. There it is
established that from thg(p - 1) function digraphs there are at mpstigraphs distinct up to
isomorphism. In Section 3 we investigate what appear to be tight bounds on number of cycles of a
given length. The occurrence of cycles containing exactéyand two elements is completely classified.
In Section 4 we empirically compare these quadratic digraphs to "random" digraphs and this motivates
our conjecture that there are exagtlglistinct quadratic digraphs m@dexcept, remarkably, fqr= 17.

The quadratic functior” - 2 plays a special role in real dynamics [4] and in the theory of Mersenne
primes [7, 9]. In Section 5 we investigdlte corresponding family of function digraph§(fd -2). The
geometric form of these digraphs is very structured. We will see there are remarkable identities
involving geometric position, addition and multiplicatifam these digraphs that lead to that rich
structure.

2. BASICRESULTS

We begin by discussing properties that are common to function digraghs and then turn to
our quadratic function digraphs.
Proposition 1:LetuZ,, Zn,be a function.
(a) The out-degree of any vertex infd(x)) is exactly one.
(b) The path in fgl(u(x)) resulting from repeated iteration of any given element will eventually lead to a
cycle.
(c) Every component of fdu(x)) contains exactly one cycle.

Proof: (a) This follows from the fact thatx)(is a function.
(b) Since the function maps points in a finite set to a finite set, any path must eventually return to a
previously visited vertex.
(c) If a component has more than one cycle, then somewhere on the undirected path connecting two
cycles there would need to be a vertex with out-degree 2, contradictiig (a).

Theorem 2:The function digraphs fgu(x)) and fd.(v(x)) are isomorphic if and only if there exists a



permutation r such thatouor v modm.

Proof: (=) Let r denote an isomorphism betweer(fx)) and fd(u(x)); r gives a bijection
between the vertices. The isomorphism of edges implies that fior &l ,, the edgexX,v(x)) in
fdm(v(X)) is mapped by r to the edgexXj;(1(r(x))) in fdu(u(x)); hence, u(xX )) r(w ))modmwhich
givesrouor V.

() Letr denote a permutation such thitouer v. Nowr gives a bijection between the
vertices, hence we need to check this bijection respects the edges?']Sirrcex u x( foral )
X Z.,wehave u(X )) r(w )vhich is implies the edge,{/(x)) in fdn(v(X)) is mapped to the edge
(r(3),u(r(x))) in fdn(u(x)) as requiredd

Theorem 3:Let m 3 be odd, angjcd(@, ,m)=1. The quadratic function digraph.f@o + ax + ) is

isomorphic to the function digraph of the canonical form quadratie®e ), where
= adp + 2 - 2%

Proof: First note that sincenis odd, 2* exists and henceis well defined. Let u)=ap+ax+a:x’,
v(x) =x*+ andrk) = a&'x- 2'aa . Note that &" is well defined sincecd(@, ,m)=1. By direct

computation we can check's o uxr( ) »w(modmas requiredd

Corollary 4: Let m 3 be odd. There are, up to isomorphism, at mogtiadratic function digraphs
modulom with leading coefficient relatively prime ta.

Proof: By Theorem 3, every quadratic function digraph with gedfi 5 1)in Zy, is isomorphic
to that of a quadratic in the canonical fai+ . Since there anm distinct quadratics in the canonical
form, up to isomorphism, there are no more timegquadratic function digraphs maodwith leading
coefficient relatively prime ton. O

3 — 14 13 — 4
[ [

4 3
9 — 10 —6{
6 14 — 0
13{ 15 — 16 —
11 — 0 [| — 11

5 — 7
15 — 2 5 _ 12 —
= {12{1 - —10{8
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Figure 2. The function digraph fk + 11) is isomorphic to fo(x* + 14).



The proviso on leading coefficients is necessary. For example,iwhehthe eight polynomials
X+ 1, 28, D +x, 2C + 2, 2C + 3, ¢ +x + 1, 2@ + 3 + 1 all have nonisomorphic function
digraphs. Our interest lies primarily with odd prime moduli. Of course Theorem 3 and Corollary 4 hold
for odd prime modulip. Hereafter in the paper we will Iptdenote an odd prime.

There is a situation when, up to isomorphism, there are fewep taadratic function digraphs
modp. Figure 2 shows two canonical form function djgns that are isomorphic mod 17. However,
we conjecture this is the only example where there are feweptipaadratic function digraphs; this
will be discussed further in Section 4 after we haveldished certain facts about arbitrary digraphs that
satisfy the conclusion of the next theorem. This theorem is the first that requires the modulus to be an
odd prime.

Theorem 5:Let u) be a quadratic function modyto In the function digraph fu(x)) there are
exactly p-1)/2 vertices of in-degree 0, one vertex of in-degree 1, aad/Z vertices of in-degree 2.

Proof: There areft-1)/2 quadratic residues and nonresidues molNote that we need only
consider the digraphs of quadratics in canonical form. In order to determine the in-degree ofya vertex

we need to know the number of solutiort® y x>+ . Note that a vertex has in-degree 2 if and only

if y- is a quadratic residue, it has in-degree 0 if and only ifis a quadratic nonresidue, and it has
in-degree 1ifand only y- 0. Thus, there are exactly-1)/2 vertices of in-degree 0, 1 vertex of in-
degree 1, antp1)/2 vertices of in-degree £1

3.CYCLES

Notice that each element in mstycle of fg,(u(x)) must be a solution to the congruence
u"(x) x modp, where U & Yenotes the composition of the functiom)ugith itselfn times. In

contrast, we will use u(")to denote tha™ power of the function uf. Since the congruence’ x ( )x
has degree 2when uK) is quadratic, it is a standard result that there can be at mastil®ions since
the modulus is prime [11]. Thus, there are at n23gh cycles of lengt. It turns out that we can

establish a better bound on the number of cycles of lengtienn = p°® as we will see in Corollary 8.

A heuristic argument suggest this bound works for gemeatatl empirical evidence indicates the bound

is tight. In order to establish the bound we use the following lemma and theorem. We will then consider
our heuristic and empirical evidence and finish #i@stion by classifying the number of one and two

cycles that appear.

Lemma 6:Let v(x)= x* + Rand P & = V &)Sx. Then P & Yivides R, & )as a polynomial
in R[X]. Moreover, the quotient is iA[x] if Z.

Proof: Since both PX )and B, & )are monic it suffices to show that every complex root of
P, (x) is also a root of, , (x) with at least as high a multiplicity. Note thatdf is a root ofP, (x)
then V' (x, )= x, and hence ¥ x, ¥ x, which impliesx, is a root ofP,, (x); this takes care of the
single roots. Note, is a root of P X )of multiplicity mif and only if it is a root of PX )and a root
of the derivative of P X )with multiplicity m-1. Using the chain rule repeatedly and the fact that



v (X) = 2xwe see that
Pa(X)=2"v"(X)v"?(X)..v(X x4
and hence
P () = 2°vF" 3 (x) v " 2(X) .. v(X) x-1.
Now we want to consider the derivative,,(X) moduloP, (x). Note that by
definitionVv" (x) x mod P, & )and hence ¥" X ) 'vX ) mod Px( 9o that
Pw(X) (2"v™(X)v"2(®.v(Y 3 4 mod P,( X .

If we let w(x)=2"v"*(x)v"?(X)..v(X xthenP ,(x) = w(x) -1 and
Pin() WOQ* -1= (W) -D(W(R S +w(R*F +..+w( R +1 =P ,()(wW(¥* S +...+] modP,(% .
Now supposex, is a root ofP,(x) of multiplicity m and hence is also a root Bf,(x) of multiplicity m-
1. By the above, itis also a rootpf,(x of multiplicity m1 and hence is a root &,(x) of multiplicity
m. ThusP,(x) divides Py,(X).

In order to see that the quotient ifx] if Z, consider the following. Sinc@,(x) Z[X is

monic of degree"we can writeP, (x) = b, + b x+...+h, XSt + X whereb  Z.SincePo(X) Z[X
is also monic, we can also write the quotient in the fonn $(a) + a, x+ +a. X + X where
K =2 S2" is the degree of the quotient. Suppose f(Z) x . [efm be the largest integer such that

a_  Z.Now the coefficient of&? "™ in the productPy(x) = P,(X) f( ¥ is a finite sum of the form

Ay + Any g + Ay, B, T This coefficient is an integer sinBg,(x) Z[X and each factor in the
second and higher terms of the finite sum are integersathisalso an integer which contradiets Z
and proves the claim.

The elementx, R suchthat ¥ X, F X, are said to be cyclic of periad Any root of P,(x)
is a cycle element of periad Any root of P,(x) which is of perioch and not of any shorter period is
said to be oprime periodn. Any complex root with non-prime periodwill be a root of soméd>; (x)
whered dividesn though it is possible tha,(x) does not have roots of prime perimdFor example,
when =-3/4, thenP,(x) = (x+1/ 2)(xS3/ 2 andP,(x) = (x+1/2)*(xS3/ 2 which has no new
roots; hence there are no points of prime period 2 for this

The following theorem and conjecture involve a factorization similar to the classical
factorization ofx" S1 in terms of cyclotomic polynomials [10], yet it is quite different in that
P, (x) = V" (x) S x involves function iteration, not ordinary powers.

Theorem 7:Let P (x)= V' (x)S x be as above and let= g“ be a power of a prime. Also let(®) =

Py(x) and Q,(x) = %

d|n,d<n

5, thenQ, (x) is a polynomial irR[x] for R and itis inZ[x] for

Z.
Proof: Sincen = ¢fis a power of a prime this is easy to check that

Pq<(X) Pq< (X)
Qn(X) = Qg (x) = . =
! Qga(X) Qge2(X) . Qy (N Qu (R Pgr(X)
which is a polynomial by Lemma 6. The remark about the quotient being [w]ifor Z follows as
in the previous Lemmal




We conjecture that this property holds for general

Conjecture A:Let P, (x)= V' (x)S x be as above and I€,(x) = P,(x) and Q,(x) = Pa(X)

Qu(x)

dln,d<n

then

Q,(x) is a polynomial irR[x] for R and it is inZ[x] for Z.
Consider the following heuristic argument in favor of the conjecture. Solving,for), we see

that P,(x) =  Q4(X) . We can obtain a sum over the divisors bf/ taking logarithms and then we can
din

apply the Mdbius Inversion formula. On rewriting the result as a product, we see that

Q. ()=  Py(X)“™?) whereu(n is the Mébius function. In the case wher 0.0 is the product of
djn
Pr(X)P_" (%)
f two pri , thi t = Qguge (X) = ————=—=—. Now if P~ dPn
powers of two primes, this amounts@Q(x) = Qgaqe (X) Pqﬂ(x) Pqﬂ(x) oW i qu(x) an qu(x)

have no roots in common, then all their roots with all their multiplicity are also roos»of, Brnd hence
Q,(x) is a polynomial. If they have a common rogand it is a single root of at least one factor of the
denominator, then the factor with the higher multiplicity diviR$x) by Lemma 6. Since, is a root

of Pqﬂ(x) and Pqﬂ(x) then it has perioaqu and also has perioél‘—; hence it has period
1 2 1 2

gu{ﬂ ﬂj =" . That is, it is a root ofP_"_(x) . Thus, the factors arising from the rogtwill cancel
4 G 4.9, %

except possibly some factors in the numeratoto8g as common roots of factors appearing in the
denominator do not have common multiplicity over 1, this argument would generalize to any number of
prime factors. We expect that for a generic choice thfe roots of P X would all be single roots.

Thus common multiplicity would be one and hence the above argument would work. However, once the
result is true for some generjcit should be true for the formal parameters well.
We can formally comput®,(x) for smalln. Notice that these are polynomialsciand .

Q(x)=x*Sx+

Q)= +x+ +1

Qi(X) =%+ 3%+ (I+ 3 ) x*+ (1 2)x3+ (H 3+ 39+ (% )+ % 2% + .1
Q(X)=x2+6 x+x%+ (15 *+ 3)x+.+(2+ * 2% )+ (A 2% 3¥ 33 F
Using symbolic manipulation software we have verified ®gtx) is a formal polynomial ix and ~

Corollary 8: Let ux) be a quadratic function and let= g be a power of a prime. Infadi(X)) the

1 1 -
number of cycles of lengthis less than or equal tr?deg(q &)F E(Z”S Z deg(@ X )}

d|n,d<n

Proof: The number of elements with prime perio less than or equal to the degredX{x)
which can be computed recursively from its definition given in Theordh 7.



cycle bound on odd prime
length repetitions p
1 2 3
2 1 7
3 2 29
4 3 31
5 6 311
6 S 127
7 18 509
8 30 1,021
S 56 3,067
10 99 4,093
11 186 36,847
12 335 8,191

Table 1. Minimal odd primp such that the function
digraph qu(xz) achieves the maximal repetition of cycle lengths.

Of course, if Conjecture A is true we would have also established Corollary 8 for gendéealce we
have the following conjecture.

Conjecture B:Let u(x) be a quadratic function and lebe a positive integer. Inj@i(x)) the number of

1 1 -
cycles of lengthn is less than or equal tr(?deg@n &)F 5(2” S z degQ, X )} :

djn,d<n

Note that the bounds given in the corollary and conjecture may be ugly in the sense that they are
recursively defined, but they are easy to compute. Table 1 gives some examples illustrating primes
where these bounds are achieved. Notice the bounds seem to be tight even though they get large. It
seems remarkable that the theoretic bound on 11-cycles is 186 occurrences and this happens for a
relatively small prime. The fact that these bounds are indeed the maximal number of occurrences we
found for some additional cases wharie not a prime power provides additional evidence for the
correctness of Conjecture A and Conjecture B. diss interesting to compare these bounds which are
computed algebraically here with the number ditsrof prime period arising from the genealogy of
periodic points in classical real dynamics [3]. Thetrieeorems allow us to determine when there are
1-cycles and 2-cycles.



223
Theorem 9:The number of 1-cycles inr]‘@2 + )Is 1+( 0 j .

Proof: Recall that since is an odd prime, 2exists modulg. By completing the square of
Qi(x)=x°-x+ 0, wehavex-2%)° 2%- . Thus fg(x*+ ) has two, one or zero 1-cycles if and
only if 2% - is a quadratic residue, 0 or a nonresidue respectiely.

. L, . (2%8 &1
Theorem 10:There is exactly one 2-cycle inya + ) iff T =1.

Proof: Notice that if Q(x) has a repeated root mpgdthe root is a 1-cycle; moreover, ii(®)
and Q(x) have a shared root, then(-Qi(x) = 2x+ 1 0 from which we see -2'is the only
possible shared root. In such a case the other roof(0f IQust be a 1-cycle, hence both roots must be -
2. Thus, the function digraphJg + ) has exactly one 2-cycle if and only i@ =x*+x+ +1 0
has two distinct solutions ifi,. Completing the square in that congruence yieldsZY)? 2?2- -1
which has two distinct solutions iy, if and only if 2°- -1is a quadratic residue mpdd

4. RANDOM QUASIQUADRATIC DIGRAPHS

We have seen that it is difficult to predict the structure gftif®))) for quadratic functions uj,
yet we have been able to give some restrictomthe behavior of these function digraphs. In this
section we will compare the structure of the quadratic function digrapfo$ddl with those of
"random" functions whose function digraphs have tmeesaumber of vertices with in-degree 0, 1 and 2
as have the quadratic function digraphs. In particular, we will call a func#gn qZ, quasiquadratic
if it is 2-to-1 for all of its domain except that it is 1-to-1 for one element of its domain. For example,
Figure 3 shows a randomly chosen quasiquadratic function digrapty.ohlotice it has the same
random appearance of the quadratic function gigganodulo 17 but it has two 2-cycles, which is
impossible for a quadratic function digraph by Corollary 8.

We begin our investigation by counting the number of quasiquadratic functions.



Theorem 11:Given a prime modulus 3,

| | ~pr1| P p
(a) the number of quasiquadratic functlon% p+1 29 29 and
5

p
(b) the number of quasiquadratic digraphs that are nonisomorphjg+g | .

2
p +1
Proof: (a) There ar¢ p+1| ways to choose thgz— range elements of the quasiquadratic
2

p

292 292 J permutations that would result in distinct rearrangements since

+1
functions and there argz—(

J gives the number of ways to partitiprelements into classes of size 2,2,...2,1

) ) p
the multlnomlal(2 5 29

+1
and there arepz— ways to position the 1.

(b) An isomorphism between quasiquadratic digraphs must map each pair of the range of the first
digraph to a pair in the range of the second digrtgghisomorphism must also map the singleton of the

range of the first digraph to the singleton in the range of the second digraph. Since %\Srg %ez J

0 -> 7 1 — 10
1 -> 1 Ll

2 -> 6

3 -> 15 6 — 2

4 -> 6 [ | 3

5 -> 13 4 — 15

6 -> 4 — 8
7 -> 12 11

8 -> 11 — 14
9 -> 15 9
10 -> 1 — 5
11 -> 9 13 —
12 -> 7 — 16
13 -> 9
14 -> 11 12
15 -> 4 [ |
16 -> 13 7 =0

Figure 3. A random quasiquadratic functiol &s digraph which contains two 2-cycles.
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22.22
such permutations. Dividing this into the total number of quasiquadratic digraphs we see the number of

+1 +1
ways to pick the pairs and singleton aggf ways to place the singleton, there %[ P J

Y
guasiquadratic digraphs that are nonisomorph{cp’& 1] .

2

Notice that we really only used the fact that the modulus is odd, not that it is prime.

We can easily generate random quasiquadratic digraphs and compare their structure with the
structure of quadratic digraphs. Figure 4 shows #guiency that cycles of specified length appear in
10,000 random choices of quasiquadratic digrapbdute 1009. These quasiquadratic frequencies are
shown with the connected lines. The isolated points show the same information for the 1009 quadratic
function digraphs. Likewise, Figure 5 shows &lverage frequency that specified numbers of
components occur for quasiquadratic and quadratic function digraphs modulo 1009. While the fits are

100

Figure 4. The average frequency of cycle lengths for quadratic and
quasiquadratic digraphs modulo 1009
not perfect, they are remarkably good and this provides empirical support for the heuristic view that the
guadratic function digraphs are nearly "random".
In Section 2 we noted an example of quadffatnction digraphs in canonical form that are
isomorphic: fd,(0¢ + 11) fd 170 + 14). If we assume that tpeguadratic function digraphs are
randomly distributed over the quasiquadratic function digraphs, then we can estimate the expected
number of pairs of quadratic function digraphs that will be isomorphic by multiplying the number of

pairs(gj by the reciprocal of the number of distinct qgaadratic functions digraphs. Table 2 shows the
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~

S2
expected number of isomorphic pairs implied by that estimate. One might choosé I'?ckus)einstead of
( Z] since fcg(xz) and fc§)(x2 - 2) are special; see [8] and Section 5 respectively, for how those digraphs

2
are special. Usinép jwould reduce the expected numbers, especially for gmallowever, the

2

main point is that these expected numbers approach 0 very quickly since the number of pairs is
guadratic but the number of quasiquadratic functions is exponengialHence we make the following
conjecture.

Conjecture C: Quadratic Digraph Isomorphism Conjectur€he only occurrence of isomorphic
quadratic function digraphs in canonical form igf + 11) fdy;(¢ + 14).

In addition to the heuristic argument in favor of this conjecture given above, we have
computationally verified the conjecture for all primes up to 1009.

p Expected
isomorphisms
3 1.0
5 1.0
7 0.6
11 0.119
13 0.0455
17 0.00559
19 0.00185
23 0.000187
29 0.00000523
31 0.00000154

Table 2. The expected number of isomorphic quadratic function digraphs for small odd primes.
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Figure 5. The average number of componentgdiadratic and quasiquadratic digraphs modulo 1009

5. FUNCTION DIGRAPHS fdy(x? - 2)

In classical dynamics the dynamics of the funckon?2 are special [4] because the Julia set is
unusually simple. A similar statement can be made in the theory of numbers where iteration of this

function plays a role in whether Mersenne numh@sZ“‘Sl S1 are prime [7, 9]. We investigate the

family of function digraphs f,g(xz - 2) for general odd prime modulus which has far more structure than
typical quadratic function digraphs. This structure seems to be as deep as, but more complicated than
the structure of fg{x%). Indeed, we will see that the identities we use involve both multiplication and
addition. Figure 6 shows fg(x* - 2). This example is rather large but serves to illustrate all the
properties that we want to observe without requiring several examples. We see that all the cycle
elements have one leaf or a binary tree attached. The non-leaf trees all have the same depth and are
isomorphic except for one vertex of in-degree one. Our goal in this section is to show that those claims
are true in general. Also notice that the cycle lengths seem to have some coherence. Readers who
would like to see examples of the remarkable arithmetic/structure identities before considering the
general theory may preview the examples that follow Theorem 19.

In this section we will let 8§ =x? - 2. Thelevelof a vertexx measured from its cycle is given
by the smallesk such that'§x) is a cycle element. Thus, cycle elements are at level 0. Components
with at least one vertex at level 2 are calbe@inched component)ther components are callstimpy
components We say that two distinct verticesandN arek-ancestorsf k is the smallest positive
integer such that@) = S(N). For exampleM andN are 1-ancestors if and onlyNf = -N and they are
2-ancestors if and only if §() = -s(N); namelyM?- 2 = 2 -N2,

Our first lemma in this section shows that multiplying two 2-ancestors gives a nearby vertex. We
think of this theorem as giving enough structure to the digraphs so that we can establish a base case for
our eventual induction. It also establishes enough structure so that in the subsequent lemma we can
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36 112 198 — 205
99 { 114 { |
203 127 6 — 41
[, 2-237— 0 |— 88
— 57 — 102 34 — 233
L 140 —1_ L 125 —1_
182 137||p 199 — 139 | 202 — 193
r 230 — 94 |
68 17 164 — 40 172 — 37
- nf L]
171 222 126 — 75 185 — 67
106 — 151 — |
87 77 ||t 100 — 113||L 46 - 54
L 158 { L 191 {
152 162||r 195 — 156 | 218 — 170
[238- 1 5 | |
104 — 23 { 22 — 44 200 — 21
— 59 { 234 | |
135 49 — 4 — 217 85 — 39
133 — 74 | |
95 L 216 { 14 — 235 53 — 154
L 180 { 165 | |
144 79 — 9 194 — 225 178 — 186
so (|| | |
92 — 108 { 111 — 45 134 — 61
— 97 { 189 | |
147 190 —| 130 — 128 29 — 105
86 —| 33 | |
12 131 { 168 — 109 122 — 210
L 142 { 206 | |
227 35 20 = 71 64 — 117
r 223 — 224 — 28 { | |
103 204 159 — 219 31 — 175
— 91 { 65 — | |
136 90 184 — 80 3 — 208
153 — — 211 { | |
110 149 155 — 55 7 — 236
L 148 { 25 — 160 | |
129 93 123 — 84 47 — 232
11 — 43 { | |
— 119 { 146 70 — 116 56 — 192
228 174 — | |
58 —| 26 118 — 169 27 — 183
19 L 196 { | |
L 120 { 213 60 — 121 10 — 212
220 115 | |
L 15 — 16 — 78 { 13 — 179 98 — 229
82 124 | |
30 { 107 —| 167 — 226 42 - 141
157 101 | |
181 L 161 { 163 — 72 89 — 197
51 138 | |
209 { L 145 — 214 38 — 76 32 — 150
188 24 | |
96 { 8 — 201 66 — 207
215 | |
132 62 — 231 52 — 173
63 ||| | |
143 { 18 — 177 73 — 187
176 | |
L 83 — 221||L ‘69 — 166

Figure 6. The function digraphA£g(* - 2).

discuss leaves, cycles and distinguish two fundaaligrtifferent types of digraph components: those
that reach level two and those that do not.

Lemma 12:I1f M andN are 2-ancestors in f(x)) thenMN and si) are 2-ancestors amdiN and s)
are 2-ancestors as well.

Proof: SinceM andN are 2-ancestors,Mj = - sN) soM?-2 = 2 -N?and henc&?=4 -M?2.
Now (M) =M*-4M2+2=2-M?(4-M? =2 - MN)? = - sMN). Thus,MN and si) are 2-
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ancestors and by symmetry so i and sN). O

As an aside, we notice that if we try to generalize this o ¥(x) + , we see thatl andN are
2-ancestors meamg?+ =- -NZ?and hence -2= N2+ M?2 Thus,

VEM)=M*+2 M2+ 24+ = M*+(SN?2SM)H)M? +2 4= §(MN) +2 2
and hence ¥ M ¥S WIN )if an only if 2+2 =0 . This gives the special cases= 0,52
mentioned in Section 4.

We will refer to Figure 6 to progle an illustration of Lemma 12 in #@(s(x)). Notice that
M=230 andN=65 are 2-ancestors appearing in the component,gf{d¢k)) that has a 4-cycle. We see
that sM)=s(230)=79 whileMN =230* 65 132mod 239. We can obsertieat 79 and 132 are also 2-
ancestors.

If xis a noncycle element we define thee leading to xo be the union of all paths leadingxo

More precisely, the tree leadingxads {y Z p|sk (yF xfor somek }) . Notice that for eaphthe

function digraph fg(s(x)) contains a component where 0 maps to -2 which maps to 2 and where 2 maps
back onto itself. The vertex= -2 is the single vertex of in-degree 1 and it is at level one. Therefore, all
cycle elements have in-degree 2. Thus, each cycle element has a unique noncycle p@aentyifle
element we define thieee associated withto be the tree leading to the noncycle parewt dh
particular,x is an element of the tree leadingktbutc is not an element of the tree associated with

A vertexx # -2 has parents if and only if there are two solutipttsy? - 2 =x and this occurs

+ X _ . ,
exactly when the Legendre symt(o%?j =1. In particular, the tree leading to O contains more than the

vertex O if and only ip = 1, 7 mod 8 since those are the cases when 2 is a quadratic residue. We call this
component the 0O-component. Eventually we will see the existence and depth of the tree leading to O
influences the structure of the branched components.

We say a tree is@mplete binary tree up to levelfkhe tree has a root and each vertex at level
less thark from the root has exactly two parents.

The next lemma describes the structure of the components up to level 2 which gives a starting
point for our structure theorem.

Lemma 13:In fdy(s(x)),

(a) The tree associated with a cycle element in a stumpy component consists of one leaf at level one.
(b) The tree associated with a cycle elementbraached component, except the vertex 2, is a tree
structure that is a complete binary tree up to level 2.

Proof: Recall that -2 is the only vertex of in-degree one and it is not a cycle element. Thus,
every cycle element has in-degree 2.

(a) By definition, stumpy components cannot hang elements at level 2 or higher and we have
noted every cycle element in a stumpy component will have in-degree 2; this gives the result.

(b) We know that each cycle element has a single noncycle parent. By definition, in every
branched component there is some veldeat level 2. LeN be the cycle element such th&&andN
are 2-ancestors. Lemma 12 implies fkat is at level 2 leading to the cycle element aftévis
Repeating the process dbN and proceeding around the entire cycle implies there is a vertex at level 2
in the tree associated with every cycle element. Sime@-degree of all the level 1 vertices must be 2,
except for at -2 in the 0-component, we see the trees associated with such a cycle element from a
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branched component must be a complete binary tree up to ldudel 2.

We now show that in the branched componenysvartex has parents if and only if its additive
inverse has parents. We already noted that £2 both have parents.

Lemma 14:If x is a vertex other than +2 in a branched componentthas parents if and only ik -

[2+Xx 2-X
has parents. That |E, 0 j = (Tj

Proof: We have seen this is true for levels 0 and 1 since all such vertices have parents (Lemma
13 b) and it is trivially true fox=0. Suppose this lemma is not true in general. Suppissa vertex at

) e 2] (- (5

2+ X
the lowest level such thgtTj (—j Now
2- 2+ 2
s(X) is at a lower level, the result is true fcx)é(ence( Z(X)j = ( Sé()j = (Lp) = 1so

Y
p

2+ X 2-X
( 0 j = (TJ 9 which contradicts the supposition and completes the proof.

Note that if any vertex appears at level 3 or higher ther)s(nd -sk) will both have parents
and hence we get at least 4 vertices at the level of

We already know that 2 is a 1-cycle element and -2 is a nonleaf leading to that cycle. Thus +£2
are nonleaves in a branched component. The next theorem shows that we can use the two Legendre
symbols from Lemma 14 to classify all the other vertices into four geometric classes.

Theorem 15:Suppose is a vertex other than +2 iny{d(x)).

2+ 2
@) If ( X = =1 and( pxj 1 thenx is a nonleaf in a branched component.
2-X . ,
(b) If (T =1 and [Tj =-1 thenx is a cycle element in a stumpy component.
2+ 2-
(c) If ( px =-1and (ij 1 thenxis a leaf in a stumpy component.
2+ X 2-X _ _
(d) If ( 0 =-1land (T) =-1 thenx s a leaf in a branched component.

Proof: Lemma 14 showed that the vertices in the branched components have equal Legendre
2+ X 2+ X
symbols. We saw that far# -2 , (Tj = 1 if and only ifx has parents; hen{eTj =-1ifand only

if xis a leaf. Checking the Legendre symbol values for the leaf and nonleaf positions gives the results.

In order to count the actual number of vertices in each of the geometric classes, we use the following
results on sums of the Jacobi symbol on quadratic forms.
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Lemma 16:

p 2
(@) Let p>2 anda®?S4b Omod p, thenZ(wj =%

x=1 p
P (482 S
(b) Let p>2, thenz(“spx ) - g(s—lj .

x=1 p

~

S1
Proof: Part (a) is Theorem 8.2 in Hua [6] and (b{isaj times a special casél

Theorem 17:1n the function digraph fgs(x))

1
(a) the total number of nonleaf vertices in the branched componéﬁ{sd—rig

p
o 1 o S1
(b) the total number of cycle vertices in the stumpy componelzt pBS2 +| —

o 1 . « S1
(c) the total number of leaf vertices in the stumpy componelzi [BS2 + ?

1 . .(S1
(d) the total number of leaf vertices in the branched componez(sp’§ (FD

Proof: First consider (d). The total number of leaf vertices in the branched components is

1&( o (2+X .(2Sx .
Zz 1S 0 1S T where we take care to notice that the terms are zeno#$at2 and
x=1

_ _ 1&( (2+x) .[2Sx 4Sx?
those vertices are not leaves. Expandmg,we:zeg 1S 0 S D + 0 =
x=1
1

(S1 4
Z(ps(?jj where we use Theorem 16(b) and the fact E{tlj =0. Next consider (a). The total

x=1

P 2+X 2Sx
number of nonleaf vertices in the branched components%Z]‘,EH( 0 D(H (TD where we
x=1

take care to notice that the terms of the sum are 2 fot2 and those vertices are not leaves hence we
need to add 1 to get the correct count. Expanding as above gives the desired result. We can handle (b)
and (c) in a similar way or note that we already know from Lemma 13(a) that these numbers must be
equal and hence are half of the vertices not accounted for in (a) and (d).

S1) .
For example, consider= 239. Since(z—SEJ = S1 we see that by Theorem 17 (d) that the number

1 . s
of leaves in the branched component§€§398 31 =60
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The next lemma gives a technical identity that provides the key inductive step in the theorem that
follows the lemma. Informally speaking, it shows that we can follow a chain of sums of paths
multiplied by inverses of elements in the tree leading to 0 to get a path in the "next" tree of the
appropriate size.

Lemma 18:Suppose, s¢) and &(r) are nonzero elements in€el(x)). If —(s(M )+ s(N )) is a parent

s(r)

ofm(sz(MH £(N)) then either - (M+ N) or?l(M $N) is a parent o » )(

Proof: Notice that a vertex is a parent oy if and only if sk) - y is zero. Direct computation
verifies that

e s ypomr s s & oo )

s(M)+ s(N ) 10.

4 M2+ 2MN + N?S 4r2 SMN 12+ r)(M 2S2MN + N2 S4r 2 MN 1 % 1 )
sty

which identical to

é2§(r)(s($(s(M)+ sN ))j 20 )( (M)+ sz(N)))

Now the last expression is zero by the hypothesis amcehane of the factors of the first expression is
zero. This gives the clainil

Lemma 12 gave a multiplicative relationship between vertices that were 2-ancestors. The following
result involves both addition &gfancestors and multiplication by inverses of tree elements in the 0-
component. This connects the existence of tree elenmetits 0-component to the existence of vertices
with higher ancestory.

Theorem 19:1f M andN arek-ancestors in fg{s(x)) for somek > 2 and ifr is a predecessor of O such
" 1
that $ ¢ )=0 thenM and something of the fornra(M + N ) arek+1-ancestors wher8l is a vertex

such thatN andM arek-ancestors. Moreover,M is at levek+2 or higher, then there aré\&rtices that
arek+1-ancestors wit.

. . . 1 .
Proof: Proceed by induction da Whenk = 2 we claim thatr—( M+ N) is a 3-ancestor &l. We are
assuming s§ = 0 and hencg = 2; from Lemma 12 we saMN is a 2-ancestor of B{) and hence we

1
need only ShOV\S(? (M+ N))= MN . Notice that

1 1 < 1 <
s(-(M+N))= ;(M2+ 2MN + N2)S2= MN + > (M2+ N234)= MN
where the last equality holds sineandN are 2-ancestors implies tHdf + N = 4. Also, ifM is at
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1
level 4 or higher we know tharct( M+ N) is also at level 4 or higher sincé B! ( is)not a cycle

element. Thus?( M+ N) is its own “O-ancestor”, it has one 1-ancestor (its additive inverse), and two 2-

ancestors from the reasoning in the remark atenma 14. All of those are 3-ancestor8/ond hence we
have four 3-ancestors bf.

Whenk = 3, we know tha andN are 3-ancestors mean#t§(@nd sl) are 2-ancestors. By the

1
thek=2 induction step, we can assume th&t)dfas a 3-ancestor of the forﬁzf(s(M )+ sN )). Now

we need to shovsss(F1 (M+N))=——=(s(M)+ sN )) or s(— (M SN))=——(s(M)+ s\ )). First note

( ) ( )
thatM andN are 3-ancestors if and only f{§1) = - £(N) which is if and only if

M*S4 M2+ 4 S4AN2+ N“*= 0. Now direct computation using the fact théat 4r2S 215 shows that:

(s s NS sy st ) s 1 SN DS E (st s)

s(r) s(r)

4 L o
= r4s(r)2(M4S4M2+ 4 SAN*+ N9

which is zero sincé andN are 3-ancestors. Hence one of the two conditions required must hold. Thus
1 . . : . .
we have found a 4-ancestér= ?( M + N) of M and we can renaniif desired to avoid the minus sign.

Now suppos® is at level at least+2. We sed\ must be at the same level sirgé'( M) is not a cycle
element. We know th#& is its own “0O-ancestor”, it has one 1-ancestor, two 2-ancestors, and four 3-
ancestors by induction. All of those are 4-ancestoké and hencé has eight 4-ancestors.

Now suppose we have shown the theorem Uqalland want to show it fde. By renaming\ if

need be (to avoid minus signs) we can assume Matesd —— (s(M )+ s(N )) arek-ancestors and

()
§() ()(S(M) sN ))j 52()(52(M)+32(N))

We can now apply Lemma 18 to géttd ancestor o of the desired form. WheM is at level at least
k+2, using the induction steps to complete the tree surrounding this new vertex gives the ‘Oesities @
which arek+1-ancestors witM.

(M) and——(£(M) + £(N)) arek-1-ancestors wit

We will refer to Figure 6 to provide some illustrations of this theoremyiy($gk)). Notice that
s(99) = 0 and the multiplicative inverserct 99 is 169. Now = 112 andN = 102 are 2-ancestors
appearing at level 4 in the branched component containing a 4-cycle. Note

1
F(M +N)=169112 102= 77Awhichis a 3-ancestor witid. Also, 65, which appears at level 2, and
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1
230, which is a cycle element, are 2-ancestors. i;:l()td +N)=169236G 6% 143satlevel 3inthe
next tree; hence 65 and 143 are 3-ancestors. #B®)s= 0 and the multiplicative inversemf 36 is

166. Therefore we are able to lift to level 4 %al\/l + N)=166230+143 =17; hence 17 and 143 are
r

4-ancestors18.

Notice we are able to use Theorem 19 to find elements at the same level in a tree associated with a
cycle element and we also are able to use the theorem to find elements at a higher level in the next tree
associated with a cycle element having more distant ancestry. Thus it can be used both to complete trees
and to lift levels. We put these ideas together in our main theorem about the tree strugi{s@)in fd

Theorem 20:The tree leading to any vertex at level 2 ig($¢k)) is a complete binary tree and is
isomorphic to the tree leading to the vertex 0.

Proof: Suppose the leaves in the 0-component reachdevehen ifr is such a leaf in that
component, €* r( ¥ 0. Now ifd 3 we can use Theorem 19 on vertices at height 2 with a cycle

element that gives a 2-ancestor to produce a 3-ancestor at level 34 live can use this vertex and a
cycle vertex to get a vertex at level 4. We can repeatl thistimes resulting in a vertex at height
We can then use Theorem 19 and the vertices at eetglgee that all the trees in the branched
components are complete binary trees from level 2 up to hetight

Lastly, we need to show that if any component has reachedltelelhen we can reverse the
identity used to raise to levdl+ 1 (in Lemma 18) to solve for arthat leads to 0 in one more step,
contradicting our choice @f. In particular, we can assume thas at leveld in the tree leading to 0 and
that there is verteR at leveld+1 in some other branched component. By the induction todewel
know the trees to level are complete, in fact, trees rooted to dept less from any vertex are
complete. Now &) is at leveld and the trees are complete to that level. Th&g,re(ist be obtainable
from the process of lifting described in Theorg®h In particular, we can find a cycle vertdxand a
vertexN at leveld so that 9¢1) and slN) ared-ancestors lifting to &). That is,

(sM)+ SN SR) )

and
1

S(r)(§(M)+ $(N))=s(R)

and from that it follows that

{Hsm st)=

s(r)
1 1 -
We need only show tha;l(E (M+N))=r or S(E (M SN))=r to show that the tree leading to O rises

(S(M)+(N)).

to leveld + 1. Now an identity similar to that appearing in Lemma 18 is

{F M) st S EM+ S

2 . - - . . .
=—rzs(r)(4SMZSN2 SMN §3( 8+ M2+ N2 &N +r3.
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We noted above that the left hand side must be 2&wme assume the first factor of the right hand side
1
is zero and simplify using (*) we gs(ﬁ (M+ N ))=r and the other possibility arises from the other

factor. In this way we see all the trees in branched components have the same height which completes
the proof.

Notice that knowing that the trees are unif@mmmplete binary trees along with knowledge of
the number of leaves in the branched componentsatiows us to compute the number of branched
cycle elements;, and the depthd, of the trees. For example, wher 239 we checked that there are
60 leaves in the branched components. Since there arketPees associated with level 2 vertices each

of which will have 2% leaves we se@¢S1 2% = 60= 15 £ ;)y equating the odd factors and
powers of two we seec2 1 = 15 and ¥2 = 2soc = 8 andd = 4 which is correct.
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